We consider a model of a mode-locked fiber ring laser for which the evolution of a propagating pulse in a birefringent optical fiber is periodically perturbed by rotation of the polarization state owing to the presence of a passive polarizer. The stable modes of operation of this laser that correspond to pulse trains with uniform amplitudes are fully classified. Four parameters, i.e., polarization, phase, amplitude, and chirp, are essential for an understanding of the resultant pulse-train uniformity. A reduced set of four coupled nonlinear differential equations that describe the leading-order pulse dynamics is found by use of the variational nature of the governing equations. Pulse-train uniformity is achieved in three parameter regimes in which the amplitude and the chirp decouple from the polarization and the phase. Alignment of the polarizer either near the slow or the fast axis of the fiber is sufficient to establish this stable mode locking.
INTRODUCTION
The nonlinear Schrödinger equation (NLS) governs the underlying wave behavior of an optical fiber that exhibits a weak Kerr nonlinearity. 1, 2 The NLS has been investigated extensively in this context, with particular emphasis given to the robust and stable soliton solutions that result from a fundamental balance between linear dispersion and cubic nonlinearity. Thus soliton pulses are ideal carriers for transmitting optical data. For applications for which polarization effects are important, one must consider a system of coupled NLSs that is generally not integrable. 3 Despite the loss of integrability, solitonlike solutions are still found to persist. 4 In addition to being ideal for long-haul communications applications, 5 solitons have also led to the development of the optical fiber ring laser. [6] [7] [8] [9] For the ring laser configuration in Fig. 1 the Kerr nonlinearity of the birefringent optical fiber generates a nonlinear rotation of the polarization state that depends on the pulse intensity. The insertion of a passive polarizer then provides an effective intensity filter that stabilizes, or mode locks, a propagating pulse by periodically attenuating all components of the pulse that are not aligned with the polarizer. Simple devices such as these have been shown experimentally to generate stable and robust solitonlike pulse trains that can be used for a wide variety of telecommunications purposes. [6] [7] [8] [9] [10] The two key modeling elements that describe the modelocking dynamics are the inclusion of nonlinear polarization rotation induced by cross-phase modulation, and polarization control through the passive polarizer. In particular, we model optical pulses with coupled NLSs subject to periodic perturbations by the passive polarizer. This model allows us to examine the underlying modelocking mechanism of the fiber ring lasers. As with previous studies, 11 our primary objective is to determine the performance characteristics of the laser, i.e., the uniformity of the resultant pulse train. To do so we utilize a reduced model for the pulse dynamics based on the robustness of soliton solutions and the variational character of the governing equations. In deriving this reduced model we neglect contributions from continuum radiation. One of the primary functions of the passive polarizer in the mode-locking process is to filter out this continuum radiation. Although a residual amount of radiation is expected from the periodicity of the cavity, it remains negligible in comparison with the energy in the localized mode-locked pulse. Hence we neglect radiation perturbations that emanate from the pulse reshaping process and from amplified spontaneous emission noise. This assumption leads to a reduction that isolates the fundamental interplay between the nonlinear polarization rotation and the polarization control element. This interplay and its resultant behavior are the focus of the present study.
In evaluating the uniformity of pulse trains generated by the laser we are interested primarily in reducing amplitude fluctuations. Quantities such as phase and polarization state are generally not relevant in experiments. Therefore we define stable mode locking here as the generation of a pulse train that has a nearly uniform amplitude. Although slight deviations from this uniform train are tolerated, the magnitude of the deviations is what determines the performance characteristics of the laser. Thus, for large amplitude fluctuations, the laser is operationally unstable, whereas small fluctuations lead to stable mode locking.
Amplitude fluctuations arise from a variety of physical effects, which include additive noise, physical instabilities in the cavity (i.e., mechanical or temperature), and fluctuations in the pump. However, we consider here the additional source of amplitude fluctuations that arises from the interplay between nonlinearity and polarization control. Our analysis describes the systematic and predictable amplitude fluctuations that result from this interaction. We note that these fluctuations are different from the chaotic instabilities generated in the laser as a result of nonlinearity. 12 It was previously shown that alignment of the polarizer with the slow axis of the fiber results in a nearly perfect pulse stream. 11 However, that previous study considered only a small subset of possible solutions and focused on verifying the validity of the reduced model. Here we perform a more thorough investigation of the laser's modes of operation. Specifically, we have found analytically and numerically an additional region of operation for which the fiber laser generates a highly uniform pulse stream. In this paper we classify and explore the stability of each region of operation and show that the stable regions are phase locked, polarization locked, or both. This investigation represents what is to our knowledge the first comprehensive numerical and analytical study of the modes of operation of a fiber ring laser that is mode locked by a passive polarizer that accounts explicitly for the polarization dynamics.
The paper is organized as follows: In Section 2 we introduce a model for the mode-locking fiber laser. This model consists of the coupled NLSs with periodic perturbations that are due to the polarizer. In Section 3 we consider polarization-locked solutions that yield stable and uniform pulse trains when the polarizer is locked along the fast or the slow axis of the fiber. In Section 4 we continue by considering two possible phase-locked solutions that generate unstable pulse trains. In Section 5 we consider a final set of mode-locked solutions for which the polarization is assumed to remain fixed at the polarizer angle setting. The paper is concluded in Section 6 with a summary and highlights of significant results.
FORMULATION AND GOVERNING EQUATIONS A. Pulse Propagation in Birefringent Fibers
The evolution of the slowly varying envelope of the electric field in an optical fiber subject to chromatic dispersion, Kerr nonlinearity, and polarization effects is given by the system of coupled nonlinear Schrödinger equations (CNLSs):
This system models linearly polarized light propagating in a birefringent optical fiber. Here we present Eqs. (1) in nondimensionalized form in which the U and V fields are orthogonally polarized components of the electric field. The birefringence strength parameter, K, determines the relative phase velocity difference between the U and V fields. The material properties of the optical fiber determine the values of nonlinear coupling parameters A and B. These parameters satisfy A ϩ B ϭ 1 by axisymmetry and, for the physical system considered here, take on the specific values A ϭ 2/3 and B ϭ 1/3. We have scaled complex orthogonal fields U and V on the peak field power ͉E 0 ͉ 2 that corresponds to the one-soliton solution of U when V ϭ 0 and K ϭ 0. The variable t represents the physical time normalized by T 0 /1.76, where T 0 is the FWHM of a hyperbolic secant pulse and the variable z is the physical distance divided by dispersion length Z 0 ϭ (2c)/( 0 2 D ) ϫ (T 0 /1.76) 2 . This gives a peak field power of ͉E 0 ͉ 2 ϭ ( 0 A eff )/(2n 2 Z 0 ). Here n 2 ϭ 2.6 ϫ 10 Ϫ16 cm 2 /W is the nonlinear index coefficient of the fiber, A eff ϭ 55 m 2 is the effective cross-sectional Fig. 1 . Schematic of the ring cavity laser that includes a polarizer and polarization controllers in a birefringent optical fiber. A small portion of the fiber is erbium-doped fiber, which is pumped via a wavelength-division multiplexed (WDM) coupler at 980 nm and provides gain to the cavity. The mode-locked soliton pulse stream is coupled out through a 90/10 coupler; i.e., 10% of the pulse energy is coupled out. The two primary experimental parameters that can easily be adjusted are the polarizer angle relative to the fast and slow axes of the birefringent fiber and the birefringence strength, which is determined by the polarization controllers.
area, D is the average cavity dispersion (in picoseconds per kilometer nanometer), 0 ϭ 1.55 m is the free-space wavelength, and c is the speed of light. We can recast the CNLS as a variational principle by defining its Lagrangian 13 and constructing an appropriate ansatz. 11 We assume, based on physical observations, that these pulses are approximately described by an amplitude and width fluctuation , a polarization angle P, a relative phase , a total phase , and a quadratic chirp ␤, which are related to the U and V fields as
Here we denote by I the initial energy contained within the pulse. In addition, we assume that these pulse parameters depend solely on z. Following Kim et al., 11 we impose the condition that the variational derivatives of the Lagrangian with respect to P, , , and ␤ be zero, and we obtain dP dz
This system of coupled ordinary differential equations (ODEs) models the leading-order pulse characteristics governed by the CNLS as long as the pulse remains close to the ansatz given in Eqs. (2) . Extensive numerical simulations have been done to verify that the evolution of the pulse's characteristics governed by Eqs. (1) are well approximated by Eqs. (3). 11, 13 This reduction from Eqs. (1)- (3) is a significant simplification of the mathematical model of the fiber laser, and we focus our attention on solutions of Eqs. (3) . In this fiber cavity the variational analysis is expected to be in good agreement with the full model, provided that the loop length is of the order of the dispersion length or less. In this limit we also observed from full simulations that the continuum generation is negligible and thus can be neglected in the following analysis. Regardless, it is important to perform full numerical simulations to validate the assumptions in the ansatz.
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B. Periodic Passive Polarization Control
We model the optical fiber loop laser shown in Fig. 1 by using Eqs. (3) in a periodic domain that corresponds to loop length L. After a pulse propagates once around the fiber loop, it interacts with the polarizer. This polarizer attenuates the components of the pulse that are not aligned with polarizer angle ⌰, resulting in a net rotation of the pulse's polarization state and a reduction of the pulse's amplitude, . Afterward, erbium-doped fiber amplifiers boost the pulse's power back to the original cavity energy. Thus the polarizer-amplifier combination acts as a periodic perturbation on the pulse dynamics described by Eqs. (3) . To simplify the modeling we consider this combination of polarizer and amplifier to be one operation that acts instantaneously after each round trip. This assumption is valid when the losses during each round trip are small. 11 Furthermore, we assume that the original input power is conserved throughout the laser such that this operation preserves power and is simply a rotation of the polarization state.
We define the polarizer angle, ⌰, to be the angle between the alignment of the passive polarizer and the fast U axis. This convention is consistent with the definition of P and leads to the jump condition at the polarizer:
where P Ϯ are the polarization angles before (Ϫ) and after (ϩ) the polarizer. The polarizer strength parameter, ␣, indicates the efficiency of the polarizer in attenuating components not aligned with polarizer angle ⌰. To be consistent with physical values, we consider ␣ ϭ 0.01 such that the polarizer attenuates 99% of the pulse that is not aligned with the polarization angle.
The complete mode-locking model for the ring fiber laser thus consists of the system of CNLSs (3) and the polarization jump condition [Eq. (4)] that acts on the polarization angle after each round trip (z ϭ nL for n ϭ 1, 2, 3 ... ). The two parameters of interest in this study are birefringence K and polarizer angle ⌰.
A typical example of the mode-locking behavior is given in Fig. 2 , which shows that arbitrarily chosen Gaussianshaped initial conditions quickly settle to an amplitudelocked solution. For this computation, ⌰ ϭ 0.45 and K ϭ 0.1. The formation of these locked pulses is the focus of this study.
C. Stable Mode Locking through Pulse-Train Uniformity
The dynamics that result from the interaction between a pulse propagating in a birefringent fiber and the discrete action of the polarizer provide the foundation for understanding the mode-locking behavior. For operating these lasers the main concern is generating a train of pulses that have uniform amplitude and zero chirp. Thus we seek solutions of Eqs. (3) in which (z) ϭ constant and ␤(z) ϭ 0. This situation occurs when the amplitude and the chirp (, ␤) dynamics decouple from the polarization and the phase (P, ) dynamics. From Eq. (3d) we see that this decoupling occurs when
In this case the amplitude-chirp dynamics result in a simple phase-plane picture that has a center. 14, 15 These center dynamics indicate that the laser can yield a uniform pulse train that gives rise to stable mode locking. So, although the phase and the polarization state are not relevant experimental quantities, these two parameters determine whether stable mode locking operation is possible.
In as much as we can control the polarization state by aligning it with the passive polarizer (P Ϸ ⌰), Eq. (5) suggests that setting the polarizer angle to be ⌰ ϭ 0 or ⌰ ϭ /2 results in C(P, ) ϭ 0 because sin 2 2P Ϸ sin 2 2⌰ ϭ 0. We show in the analysis that follows this section that these settings yield uniform pulse trains. Additionally, we can find a polarizer setting in which sin 2 2P 0 but for which the phase is constant and thus sin 2 2 ϭ constant. This setting once again yields a stable mode-locked pulse stream whose phase and polarization state are both locked. We illustrate the importance of Eq. (5) to the operation of the mode-locked laser in the following sections. We note here that Eq. (5) further suggests that, if one is able to control the phase (i.e., if we can enforce Ϸ 0 or Ϸ /2), then it is possible to generate mode-locked pulses by a phase-locking mechanism. By using phase-sensitive amplifiers [16] [17] [18] one may be able to incorporate an effective phase-locking mechanism to realize this situation.
POLARIZATION-LOCKED SOLUTIONS
In Subsection 2.C we showed that stable mode locking is possible when the polarization state is fixed at P ϭ 0 or P ϭ /2 because in these cases C(P, ) is a constant. In this section we examine these two situations in detail.
A. PÄ0
For P ϭ 0, Eqs. (3) allow for a fixed point solution. The location of the fixed point and its stability can then be found by linearization, P ϭ P 0 ϩ P , ϭ 0 ϩ , ϭ 0 ϩ , and ␤ ϭ ␤ 0 ϩ ␤ , where P 0 , 0 , 0 , and ␤ 0 are the leading-order solutions and P , , , and ␤ are small perturbations. At leading order it is clear from Eq.
(3c) that we must take ␤ 0 ϭ 0 in order for 0 0. Note that requiring 0 Ͼ 0 arises from physical considerations of the pulse and the ansatz chosen in Eqs. (2) . The remaining three equations require, to leading order, that sin 2P 0 sin 2 0 ϭ 0,
The last of Eqs. (6) determines the value of pulse amplitude 0 . Thus it only remains to determine the values of P 0 and 0 that satisfy Eqs. (6a) and (6b).
The fixed point for P 0 ϭ 0 is given by P 0 ϭ ␤ 0 ϭ 0, 0 ϭ I, and 0 ϭ sin
2 ) 1/2 . Linearizing the 4 ϫ 4 ODE system about this fixed point yields the four eigenvalues
where
The purely imaginary eigenvalues lead solely to oscillations, and the real eigenvalues (positive and negative) result in a saddle structure. We note that 2BI 2 Ϫ 3K Ͼ 0 is automatically satisfied for the fixed point because (3K/2BI
2 ) 1/2 р 1. For the typical values considered in this paper, B ϭ 1/3 and I ϭ 1, so K Ͻ 2/9. This restriction is consistent with physically realizable values of K, which generally tend to be one tenth or less for the fibers considered experimentally.
Although the underlying fiber evolution is unstable, the action of the polarizer stabilizes the dynamics by continually forcing the polarization state to be near P ϭ 0. Provided that the polarizer acts on a sufficiently fast scale in comparison with the soliton evolution length, nearly uniform pulse trains can be realized. We illustrate this pulse propagation behavior in Fig. 3 , where we demonstrate the evolution of the quantities of interest (, ␤, P, and ) without a polarizer and with a polarizer. Here we have set B ϭ 1/3 and I ϭ 1. Note that, without a polarizer, the solution destabilizes and moves quickly away from the uniform amplitude-and polarization-locked solution. This destabilization is caused by the single growth mode near P ϭ 0. In contrast, we note that the insertion of a polarizer forces the polarization state to remain near P ϭ 0, so a nearly uniform pulse train can be generated and sustained for all time. Again, we point to the fact that ⌰ ϭ 0 forces P Ϸ 0 such that C(P, ) Ϸ 0 and an almost complete decoupling occurs between the amplitude-chirp dynamics and the phase and polarization evolution. This decoupling allows the amplitudechirp dynamics to remain near the center. If the polarizer is detuned from ⌰ ϭ 0, large, quasi-periodic fluctuations result in the dynamics. This instability occurs despite the fact that the polarization state is locked on a value near P ϭ 0. The degradation of the pulse trains uniformity is illustrated in Fig. 4 and shows the sensitivity of the mode locking to changes in the polarization state. 
B. PÄÕ2
Setting the passive polarizer to ⌰ ϭ /2 also gives C(P, ) ϭ 0. In contrast to the P ϭ 0 case, no fixed point solution is found near P ϭ /2. However, this does not preclude the possibility of a stable mode-locked region. In particular, we find the z-dependent solution:
which satisfies the system of ODEs (3) with (0) ϭ 0 and ϭ 3K ϩ 2BI 2 . This solution has a phase that grows monotonically with distance z. Moreover, we have assumed without loss of generality that (0) ϭ 0 to simplify the expressions presented in Eqs. (7) 
We use a perturbation analysis to show that small perturbations about this known solution result in trajectories that remain close to it. In fact, the solution of Eqs. (7) has a centerlike behavior if we restrict our attention to the dynamics of P, , and ␤. The perturbation analysis begins by expanding about the exact solution, P(z)
and ␤(z) ϭ ␤ 0 (z) ϩ ⑀␤ 1 (z) ϩ ..., where the zero subscript indicates the leading-order solution given by Eqs. (7). We insert this solution into Eqs. (3) and solve the ODE that results at each order of ⑀, which is a small, positive parameter associated with the magnitude of the P perturbation. Using this perturbation expansion, we calculated a uniformly valid asymptotic solution to O(⑀ 2 ). At O(⑀), the perturbation analysis gives the almost periodic solution
where ⌳ ϭ ͱ4K/3 and we recall that ϭ 3K ϩ 2BI 2 . Thus the perturbation analysis confirms that the solution, Eqs. (7), has a centerlike behavior. This implies that, even without a polarizer, pulses can be highly uniform. Inclusion of the polarizer further ensures that the polarization state of the pulse does not wander away from /2, so this perturbation solution is valid. This analysis further shows that, under perturbation, or for polarizer angles near ⌰ ϭ /2, the amplitude-chirp dynamics decouple from the polarization-phase dynamics. The resultant amplitude-chirp dynamics exhibits periodic fluctuations. 14, 15 A comparison of the exact numerical solution to Eqs. (3) with the calculated perturbation is shown in Fig. 5 . In this figure the polarization and the phase are calculated to the first correction, whereas the amplitude and the chirp are plotted with two correction terms. It can be seen that excellent agreement is Fig. 3 . Amplitude, chirp, polarization, and phase evolution over 100 round trips of the fiber cavity near the polarization-locked solution P ϭ 0. K ϭ 0.10, and the evolution without the polarizer has a single unstable eigenvalue leading to growth. This solution blows up just after z ϭ 150. The addition of polarizer ensures that P remains near zero, so a uniform pulse train results. Fig. 4 . Pulse-train uniformity ( fluctuations) over 200 round trips of the fiber cavity with K ϭ 0.10 and near the polarizationlocked solution P ϭ 0. As the polarizer is detuned from ⌰ ϭ 0, the amplitude fluctuations increase and the pulse-train uniformity is destroyed.
achieved with the exact numerical results. Extending the perturbation theory beyond the first correction is difficult because of the form of the phase and polarization terms. Thus only the first correction is considered for these two parameters. The full behavior of the solution with and without the polarizer is depicted in Fig. 6 . We see that, even without the polarizer, the pulse train's uniformity is nearly preserved. The action of the polarizer further ensures that the pulse train is kept in control over all distances. The assumptions made in this model neglect perturbations that, for example, arise from additive noise, continuum generation, and pump fluctuations. The inclusion of such terms would destabilize the system in the absence of a polarizer. Within the context of the model, the results with and without the polarizer are essentially the same. Thus the fact that near P ϭ /2 the solution is stable allows for more-robust dynamics and stability. Figure 7 shows the resultant amplitude fluctuations as the polarizer is detuned from the ideal value of ⌰ ϭ /2. Just as for detuning from ⌰ ϭ 0, the fluctuations grow and the laser is no longer thought of as operationally stable. This result is further addressed in Section 6 below.
PHASE-LOCKED SOLUTIONS
In addition to the polarization-locked solutions of Section 3, we can also consider phase-locked solutions and their associated stability. Of particular interest are the phaselocked solutions for which ϭ 0, /2 because in these cases C(P, ) ϭ 0, as in Section 3. These phase-locked solutions are easily found as fixed points of Eqs. (3) . Note that Eqs. (6) give the conditions under which a fixed point can be found. Stability of these solutions can then be found by linearization.
A. 0 Ä0 When 0 ϭ 0, both Eqs. (6a) and (6b) are satisfied, provided that the birefringence is small, i.e., that K ϭ 0 ϩ K . This leaves the value of P 0 undetermined at leading order and gives 0 ϭ I from Eq. (6c). We use these values to produce the linearized equations dP dz ϭ 2/3BI 2 sin 2P 0 , Analytic data generated for phase ( ) and polarization (P) include the leading-order solution and the first correction. The analytic curve of amplitude () and chirp (␤) contains the leading-order solution and two correction terms. As the phase grows monotonically, it is more enlightening to examine sin 2 than itself. Note that the perturbation results are in excellent agreement with the numerical results, except for a small phase slip observed in all quantities. In practice, this phase slip is unimportant, as we are concerned only with the size of the parameter fluctuations. Fig. 6 . Amplitude, chirp, polarization, and phase evolution over 100 round trips of the fiber cavity near the polarization-locked solution P ϭ /2. K ϭ 0.10 and the evolution without the polarizer is a stable center. The addition of polarizer ensures that P remains near /2, so the uniform pulse train is maintained. Fig. 7 . Pulse-train uniformity ( fluctuations) over 200 round trips of the fiber cavity with K ϭ 0.10 and near the polarizationlocked solution P ϭ /2. As the polarizer is detuned from ⌰ ϭ /2, the amplitude fluctuations increase and the pulse train's uniformity is destroyed. However, the uniformity here is not so severely affected as is detuning from ⌰ ϭ 0. (See Fig. 12 below). (9d)
Equations (9c) and (9d) decouple from Eqs. (9a) and (9b), and the resultant dynamics for the amplitude and the chirp are oscillations given by
where a i are constants. Of greatest importance is the evolution of the polarization and phase states because they determine C(P, ). From Eq. (9b) we find that ϭ 2K z, where it is assumed that (0) ϭ 0. This shows the phase to be unstable and further gives the following evolution of the polarization state:
which grows quadratically with distance z unless we choose P 0 ϭ 0 or P 0 ϭ /2. Thus the 0 ϭ 0 phaselocked solution will be unstable owing to the growth of the phase and polarization states. Note that we already considered the P ϭ 0 and P ϭ /2 states in Section 3.
B. 0 ÄÕ2
The case of 0 ϭ /2 is drastically different from that of 0 ϭ 0 considered above. Here the leading-order solution for P 0 and 0 with 0 ϭ /2 is
This solution leads to a cubic equation for leading-order amplitude 0 :
This cubic has three roots: one that is real and two that are complex conjugates. We consider only the real root because imaginary amplitudes are unphysical in Eqs. (2) .
We can then insert this value of 0 into Eq. (12b) to determine the value of P 0 .
The resultant linearized equations are given by 
Unlike in the previous case, the equations do not decouple. To determine stability, we evaluate the eigenvalues associated with the matrix on the right-hand side of Eq. (14) . The resultant fourth-order polynomial for eigenvalue is given by 2 ͑ 2 ϩ 4 0 4
where we have taken I ϭ 1 and B ϭ 1/3 for simplicity. If the real part of any of the eigenvalues is positive, instability occurs. The real parts of the eigenvalues are plotted in Fig. 8 and are shown to be strongly dependent on birefringence strength K. Beyond the critical value of K ϭ 2BI 2 /3 Ϸ 2/9, the fixed point ceases to exist. Figure 8 predicts two regimes of stability. The first corresponds to values of birefringence of approximately K р 0.14, where there are two unstable and two stable eigenvalues. The linearized theory then predicts that the fixed point will be unstable. Figure 9 shows the slow growth of the solution away from the fixed point when one is starting close to (P 0 , 0 , 0 , ␤ 0 ). It is reasonable to conjecture that the addition of the passive polarizer with ⌰ ϭ P 0 might stabilize the growth. However, Fig. 9 shows that the polarizer enhances the instability. This is so because the rotation that is due to the polarizer projects the solution further in the direction of the unstable eigenvectors, enhancing the growth.
The second physically realizable parameter regime of Fig. 8 corresponds to values of birefringence approximately 0.14 Ͻ K Ͻ 0.22, where there are two pairs of purely imaginary eigenvalues. The linearized theory then predicts that the fixed point will be stable. Figure  10 shows the periodic behavior of solution near the fixed point when one is starting close to (P 0 , 0 , 0 , ␤ 0 ).
Unlike in the previous case in which K ϭ 0.10, it would seem that the addition of the passive polarizer would maintain stability. However, once more numerical ex- 10. This instability is fundamentally different from that generated by Fig. 9 because there are no unstable eigenvalues. Note the 2 phase slip that is periodically generated from the action of the polarizer. We generate this slip by enforcing that the polarization stay fixed at ⌰ ϭ P 0 .
OTHER REGIONS OF STABLE MODE LOCKING
Thus far we have considered the action of the polarizer as a separate and discrete action on the pulse evolution in the fiber. However, it is clear from Figs. 3, 4, 6, 7, 9, and 10 that the passive polarizer has the fundamental effect of preserving the polarization state of the propagating pulse. To model this effect we assume that the polarizer acts frequently enough that the polarization state effectively remains constant at the value set by the passive polarizer, i.e., P ϭ ⌰. In this case the differential equation for P may be ignored. This assumption simplifies the analysis considerably because now the evolution equations reduce to a 3 ϫ 3 system for the remaining parameters, , ␤, and . The resultant system has a fixed point:
In contrast to the previous solutions, the fixed point location is determined by the value of the birefringence, K. For this case the phase and polarization values force C(P, ) 0. The inclusion of a polarizer in this case quickly locks the amplitude, phase, polarization, and chirp parameters. Figure 11 demonstrates the uniform pulse train generated in this case. Note that the phase is also quickly locked to a constant value. The locked phase, chirp, and amplitude values are predicted in Eqs. (16) and are shown in Fig. 11 to be in excellent agreement with the numerical simulations. Here we have used the arbitrary
ϭ 0.0305, and ⌰ ϭ 0.0305. The small resultant polarization fluctuations give an average value of P Ϸ 0.0339. It is this value that we use to calculate the analytically predicted fixed point in Eqs. (16) . This model provides yet another stable operating regime for the mode-locked laser because now both the phase and the polarization are locked and C(P, ) is nearly constant.
This simplified model in which the polarization is assumed to remain constant (P ϭ ⌰) predicts a whole family of solutions. In particular, this family of solutions includes the two fixed points associated with P ϭ 0 and ϭ /2. Furthermore, the value of ⌰ that produces ϭ /2 is the maximum allowable polarizer angle that Fig. 9 . Amplitude, chirp, polarization, and phase evolution over several hundred round trips of the fiber cavity near the phaselocked solution 0 ϭ /2. K ϭ 0.10, and the evolution without the polarizer has two unstable eigenvalues that lead to growth. The addition of the polarizer enhances the instability. Fig. 10 . Amplitude, chirp, polarization, and phase evolution over several hundred round trips of the fiber cavity near the phase-locked solution 0 ϭ /2. K ϭ 0.18, and the evolution without the polarizer has purely imaginary eigenvalues, leading to oscillations without growth. The addition of the polarizer destabilizes a uniform pulse train. generates real answers in Eqs. (16) . Thus, although the solution near P ϭ /2 is inherently more stable, the stable mode-locking region near P ϭ 0 has the possibility of being much bigger because of this fixed point branch of solutions for which C(P, ) Ϸ constant.
CONCLUSION AND DISCUSSION
To summarize, we have considered the evolution of a pulse in a birefringent optical fiber with a periodic rotation of the polarization state that is due to a passive polarizer. Four parameters are essential for understanding the resultant pulse-train uniformity: polarization (P), phase ( ), amplitude (), and chirp (␤). We found a reduced set of four coupled nonlinear differential equations that describe the leading-order pulse dynamics by utilizing the variational nature of the governing equations. Full numerical simulations of the governing equations validate the analytic model, provided that the cavity length is of the order of the dispersion length or less. Additive noise, continuum generation, and cavity instabilities can also be neglected in this limit. We found that, although the phase and the polarization are irrelevant to the experimentalist, these two parameters are essential for determining the pulse train's uniformity. In particular, the quantity C(P, ) ϭ sin 2 ͓2P(z)͔sin 2 ͓ (z)͔ must remain nearly constant for pulse-train uniformity to occur and be maximized. Numerical simulations suggest that C(P, ) must have less than Ϸ10% fluctuation to generate a stable mode-locked pulse train. Five possible operating regimes were found for the laser. Two of these regimes are unstable and correspond to phase-locked solutions where C(P, ) ϭ 0 as a result of ϭ 0, /2. The fact that these phase-locked solutions are unstable is not surprising because the polarizer can control only the polarization, not the phase. Two additional stable states were found for which C(P, ) ϭ 0. These stable regimes correspond to P ϭ 0, /2. In contrast to the phase-locked solutions, these are easily stabilized by the laser because the polarizer acts to preserve the polarization state at these critical values. Thus uniform pulse trains can easily be generated. The remaining mode-locked solution arises from a simplified model in which the polarization state is assumed to be fixed at the polarizer angle (P ϭ ⌰). This model gives a family of solutions that emanate from the polarization-locked P ϭ 0 solution. This family of solutions was found to be stable.
The analysis provides valuable insight into the operation of the mode-locked laser. In particular, stable mode locking is defined by a nearly uniform pulse train. Our analysis addresses this issue directly and has found the key quantity, C(P, ), which controls the mode-locking stability.
We finish this paper by providing one last figure, which illustrates the stable modes of operation of the ring laser. In this figure we evaluate the amplitude fluctuations for values of ⌰ ͓0, /2͔. Here the vertical axis gives the passive polarizer angle ⌰, and the horizontal axis gives the initial starting amplitude (0). The amplitude fluctuations are calculated for the last 50 of 100 round trips.
In particular, we compare the minimum and maximum amplitudes with their average to determine a percentage fluctuation. From a performance standpoint, we consider only pulse solutions that exhibit less than 20% fluctuation in power. Figure 12 shows a gray-scale plot of the regions of operation in which black corresponds to perfect mode locking (0% fluctuation) and white corresponds to unacceptable amplitude fluctuations (20% or greater fluctuation). For this figure the polarizer was set at the value of ⌰ indicated on the vertical axis, and the initial amplitude was varied from 0.4 Ͻ Ͻ 1.8. Near ⌰ ϭ 0 and ⌰ ϭ /2 the evolution is stable, as predicted previously. Moreover, a large window of stable behavior exists near P ϭ 0, which corresponds to solutions settling to the solutions given by Eqs. (16) . The family of solutions (16) is depicted by the white dotted line in Fig. 12. This figure , which we believe is the first of its kind, serves as a guide to tuning the mode-locked fiber ring laser. Further, it suggests that mode locking near the fast and slow axes is crucial for achieving a uniform pulse train.
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